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THE PROBLEM
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Figure 1: Detecting Gas and Oil using sound waves



Methods



Methods
0@00000

HOOKE’S LAW

» The generalized Hooke’s law is given by:
Tik = CikrsErs- (1)
Where 75 is the stress tensor and Cy, is a constant.

+ In the case of an elastically isotropic homogeneous material the
generalized Hooke’s law becomes:

Tik = A0 + 2uEj (2)
where ) and i can depend at most on temperature, and
0 =E=V-u

+ The strain tensor is given by:

1 8111‘ (9le
Ei= 1 ( s 8x,~> | 3)
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1D WAVE FUNCTION

Po 20

o -V o2 =0 “)
To resolve equation 4 for the position vector function ¢(x, t), new
variables ¢ = x — Vt and n = x + Vt are introduced. Leading to ¢
being a direct function of £ and n. And are only indirectly related to x
and t. See equation (5)

¢ = (ﬁ(f(X, t)? TI(xv t)) (5)



Methods
0008000

WAVE FUNCTION CONTINUE

9 _
ox

, 8oy dn_y 9

ot ax a Y (6)

Where f and g are arbitrary functions determined by the initial, the
boundary conditions and expressed in terms of x and t. See equation

(7)

p(x, £) = f(x — VE) +g(x + Vi) (7)
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THEORETICAL EXAMPLE

For simplicity we first consider an ocean with an indefinite depth, see
figure 2

p = po sin(wt)

) l T Tyy

Figure 2: Simplified case
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EXAMPLE PROBLEM BOUNDARY CONDITIONS

In this case,
uy(y,t) =f(y — vpt) (8)

With boundary conditions:

+ Initially the material is stationary:

Ouy
W(y’o) =0 9)
* Pressure aty = 0:
Tyy(0,t) = —posin(wt) (10)

» Att =0 and y = 0 there is no displacement:

u,(0,0) =0 (11)
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WAVE PROPAGATING FUNCTION

Solving equation (4) with u,(y, t) = f(y — v,t) and boundary
conditions (9),(10),(11) we get;

Uy(y,t) = fy—Vpt) = pror (COS( -V t)) it y<Vt
| 0, otherwise y > V,t
(12)
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PROPAGATION DIRECTION
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Figure 3: Depth att = 0.1
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PROPAGATION DIRECTION
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Figure 4: Depth at t = 0.15
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PROPAGATION DIRECTION
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Figure 5: Depth att = 0.2
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DILATION SIMULATION
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DILATION SIMULATION
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DILATION SIMULATION
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1D CONSIDERATION

We now consider a more realistic scenario, see figure 2

i l i l p(t) = po sin(wt)

Xy p (2)

Figure 6: Application to the oil and gas detection problem
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BOUNDARY CONDITIONS

For the case 0 <t < t*,
uy(y,t) = f(y — opt) (13)
With boundary conditions:

« Initially the material is stationary:

Ouy
W(% 0)=0 (14)
* Pressure aty = 0:
7y (0,t) = —posin(wt) (15)

» Att =0 and y = 0 there is no displacement:

1,(0,0) =0 (16)
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WAVE PROPAGATING FUNCTION

Solving equation (4) with u,(y, t) = f(y — v,t) and boundary
conditions (14),(15),(16) we get;

P(]V7 w . .
Uy(y,t) = fy—Vpt) = O (1 - COS(W)) ;i V=) Sy < Vpt
| 0, otherwise V,t<y <L

(17)
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REFLECTED WAVE

When t > t*
There will be reflection from the boundary aty = L

uy(y,t) = f(y — opt) + gy + vpt)

Now we have to consider the boundary at y = L After the wave
reaches the boundary:

iy = f(y — Opt)
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REFLECTED WAVE

Continuity of stress
Stress in the upper layer = stress in the lower layer

Tyy(La t) = T;ly(La t)

- i,
= ()\+2N)87y

ouy,

(A+2p) By

A +20) [/ (L —vpt) + &' (L —vpt)] = A+ 20)f' (L —Gpt)  (18)
Integrating the above equation, we have:

(A +2p) [=1/0,f (L — vpt) + 1/v,8(L + vpt)] = ()\Z;ﬂ)f(L -

Upt)
(19) 19
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REFLECTED WAVE

Add the boundary condition:
Continuity of displacement at y = L (NO gaps)

u(L,t) = u(L,t)
F(L —vpt) + (L + vpt) = f(L — v,t) (20)
Our goal is to find the reflected wave.

(L —yt)

20
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REFLECTED WAVE

Solving equation 19 and equation 20 simultaneously, we get that the
reflected wave is given by:

{ - @(MM)} P

_ oy (A+24) 07

8y +vpt) = { M} X+ 20
Oy (A+2/1)

[1 — cos(w/v,(2L — (y + vpt))]

What we are interested in is the information that we get from the
reflected wave

21
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DiISCuUsSION

» Cauchy’s first law of motion

» generalised Hooke’s law for elastic materials
» Wave equation in 1-D

* Interested in longitudinal wave

 Solutions of the longitudinal wave

» Reflected wave that gives the information about the underlying
rocks

22
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CONCLUSION

The model works perfectly well, one will need to know the parameters
that give the amplitude and the phase of the reflected wave.

The model can be improved by working on a 2-D, where we consider
both the reflection and the refracted part of the wave

23



Thank you!
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